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An improved Monte Carlo method for direct calculation of the density
of states
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We present an efficient Monte Carlo algorithm for determining the density of states which is based
on the statistics of transition probabilities between states. By measuring the infinite temperature
transition probabilities—that is, the probabilities associated with nppgposalonly—we are able

to extract excellent estimates of the density of states. When this estimator is used in conjunction
with a Wang-Landau sampling scherffé Wang and D. P. Landau, Phys. Rev. L&®6, 2050
(2001 ], we quickly achieve uniform sampling of macrostatesy., energigsand systematically

refine the calculated density of states. This approach requires only potential energy evaluations,
continues to improve the statistical quality of its results as the simulation time is extended, and is
applicable to both lattice and continuum systems. We test the algorithm on the Lennard-Jones liquid
and demonstrate good statistical convergence propertie20@ American Institute of Physics.
[DOI: 10.1063/1.1615966

I. INTRODUCTION estimate for weightgwhich include()) from histogram re-
sults of several pre-production runs; once the density of

Carlo (MC hod has b fth - ls f states is reasonably converged, it and histogram data from a
ar 0.( ).met od has become one o t_ € primary t9° S final long simulation interval are “reweighted” to determine
the simulation of materials and the prediction of their prop-

tios. MC simulations are widel d and anif mproperties at the state conditions of intereSin the WL
ertes. simuiations are €ly used and a significa scheme, microstates are explicitly sampled with the probabil-

n_umber of methodologic_al improvements now exist for efﬁ.' ig/ Q! and the density of states is modified at every simu-

_<:|ent and acgurate SIUd!eS of systems .Wh'Ch are OtherW'ﬁation step® for each visited state, the corresponding value of

intractable with the traditional Metropolis samplifg.Ex- . P .

amples include high-density or low-temperature quuidsQ Is scaled by the modification factof, In this way, the
'density of states is designed to converge to its correct value

network-forming fluids, polymers, and proteins, for which h . i led uniformlv. H
the simulated system is prone to becoming trapped in poteP(y €N macroscopic properlies aré sampied uniformly. HOw-

tial energy minima for large numbers of simulation steps. ever, to eliminatd fluctuations in the final result, a schedule
A number of these extended MC methods solve the erMust be imposed in which changes from an initially large
godicity problem by forcing a broad sampling of phaseV&lue (say, f~e€) to nearly unity. Often, this schedule is
space: included in this category are parallel tempeftimml- implemented b;_/ mgmtamlng a hlstogram of visited states,
ticanonical method%,and the more recent Wang—Landau and when the bin with the fewest entries is no less than 80%
(WL) algorithm® The latter two achieve broad phase spaceOf the average birti.e., when the histogram is sufficiently
sampling by attempting to produce a uniform distribution offlad, f is changed according ,~ Vfoigand the histogram
one or more macroscopic observables, such as number §f reset.
particles, volume, and potential energy. To arrive at such a  The WL algorithm has received much attention lately,
distribution, each microstate of the system must be samplegerhaps due to its straightforward implementation and wide
with a probability inversely proportional to the degeneracyapplicability, and a number of methodological variants have
of the corresponding macroscopic observable. Thus whethéeen proposed, including multibondicN-fold way; and
implicitly (as part of a state weighor explicitly (through ~ quantum® extensions. Of relevance to continuum systems,
direct calculatioh, these methods must determine the density¥an and de Pabld noticed two deficiencies of the WL
of states,(). Of course,() contains a complete thermody- method: estimates of the density of states reach a limiting
namic description of the system via Boltzmann'’s equation, statistical accuracy which is not improved with further MC
steps, and the large number of configurations generated to-
S(NV,E)=KInQ(N,V,E). (1.1 wards the end of the simulation make only a small contribu-

Clearly, the density of states is not known prior to the simu-tion to the calculated density of states. They proposed two
lation but must be successively approximated during itd/ariants in which estimates of temperature improve the con-

course. The multicanonical approach iteratively updates ityergence of the density of states relative to the original
method!! Both of these, however, must be formulated spe-

SElectronic mail: shell@princeton.edu cifically for the relevant macroscopic parametire authors
bElectronic mail: pdebene@princeton.edu orlglnally gllscus_sed only energy in this reg}irﬁurt_herm_ore,
Electronic mail: azp@princeton.edu their configurational temperature method requires first and

In the 50 years since it was first introducethe Monte
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second derivatives of the potential energy, which limits it toresponding microstate transition probabilities. Accordingly,
systems with continuous potentials and, practically speakinghe following results apply to any simulation procedure
excludes those for which such calculations are computationwhich generates microcanonical averages according to Eq.
ally expensive. (2.1). By dividing Eqg.(2.1) by the corresponding expression
Here we present a MC implementation for directly de-for the reverse transition, we obtain an important relation
termining the density of states of a system, which we believdetween the transition probabilities and density of states:
is superior to the original WL algorithm while retaining
much of its generality. A reformulation of the Wang—Landau  T(1—J) Q(J)[ZiZt(i—])d; 9,
approacht? this implementation is based on the ideas of tran- T(I—1) - A\ ZZt(—0) 8,6, 2.3
sition matrix MC methods: the calculations utilize a record
of proposed transitions between, rather than visits to, varioushe microstate transition probabilit(i—j) appearing in
maCfOStateé?_zzlour method builds on the ideas of Ref. 11 these expressions is the product of two termé:_ﬁ), the
in that we supplement the normal WL sampling scheme wittprobability of proposing a transition fromto j, dependent
this additional data collection, which ultimately producesonly on the type of MC move employed; aRj.{(i—j), the
density of states estimates of higher statistical quality thamrobability of accepting a proposed move froro j, depen-
the WL estimates. In this paper we show that our method igjent on the state conditions of the particular statistical en-
(1) general—applicable to lattice and continuum syste@s; semble. We consider the special case in which moves are
rObUSt—COﬂtinUOUSly imprOVGS its estimate for the denSity O%tncﬂy accepted,Pacc(i _>J ) =1, which Corresponds to ca-
states, regardless of a particular modification factor schedulgjonical Metropolis-style sampling at infinite temperattite.
(3) simple—requires only potential energy evaluatio®,;  Consequently, we denofe,(I—J) as that corresponding to
efficient—uses all collected information during the course Ofstrict move acceptance and will refer to it as an infinite tem-
a simulation; and®5) accurate—produces density of stateSperature transition probability. We note taf.{i—j)=1 is
estimates of higher statistical quality than the WL method fomot necessarily the infinit&- limit for all ensembles and
a given number of simulation steps. classes of simulation moves; however, in identifyifig(l
In what follows we first outline the theoretical basis for _, 3) with the strict acceptance condition, this derivation is
transition matrix calculations and review a previous methodn fact quite general, regardless of the particular move type
based wholly on transition probabiliti€s?*-** We then  or ensemble used. The relationship among the infinite-

present our implementation, which combines transition matemperature macrostate transition probabilities is then
trix ideas with Wang—Landau sampling, and discuss its ad-

vantages relative to both the WL and transition matrix for- 1 _(1-3) Q(J) 33 ali—) 86,
mulations alone. Finally, we proceed to discuss results fora 7 G=h O\ 2a(j=0)6,6,]
set of test cases. * <] e

(2.9

Given the symmetry properties of a particular move type
Il. THEORETICAL BASIS [i.e., the ratioa(i—j)/a(j—i)], this equation permits an
estimate of the density of states from knowledge of mac-
moving from macrostate to J given that the system is cur- rostate tr'ansit.ion. proba.bilit.ies. In the case of symmgtric

moves witha(i—j)=a(j—1i), the term in parentheses in

rently in I, which we denote byl (I—J). This derivation . o
applies generally to any well-defined macrostate; in thisEq'(2'4) drops out completely; examples of such moves in

work, however, we usk and.J to denote energy level§e clude single-spin flips and single-particle displacements. It is
refer the reader to Refs. 23 and 24 which demonstrate the u
of transition probabilities with a different macrostate vari-
able) The expression foil(l—J) in terms of the corre-
sponding microstate transition probabilities is then

We begin by considering the transition probability of

émportant to considefT,.(I—J) as the probability that a
Pove will be proposedfrom | to J. Thus, the collection of
T.(I—J) quantities gives a measure of the connectivity of
macrostates for a given move type. Previous studies have
demonstrated that this type of information is statistically su-
- o perior to histogram dats:'®??and its use is central to our
T(1—-3)=Q(1) 12i > t(i—)88,, 20 method.

: _ ) Though the preceding derivation entails discrete mac-
where the sums extend over all microstat¢l) gives the  (ostates, the extension to off-lattice systems is conceptually
degeneracy of macrostate t(i—j) is the probability that jgentical and thus relatively straightforwaid.Practically
the system will make a move from microstateo j given  gspeaking, however, one must impose a discretization scheme
that it is currently in staté, and & (equivalently,&j;) i on any continuous macroscopic variables for the measure-

defined such that ment of transition probabilities in a simulation. Because of
1 ifiel, this discretization, the microstate sampling scheme must also
6 = . (2.2 be discretized. For example, each configuration’s energy
0 otherwise.

must be assigned an effective value, the average energy of
That is, 8, is one if and only if microstaté is a member of the corresponding bin, for use in the acceptance criterion.
macrostaté. Implicit in Eq. (2.1) is the assumption of equal Lack of congruence with the transition matrix discretization
a priori probability of microstates; the macrostate transitionviolates the microcanonical average in E8.1) and results
probability is simply the microcanonical average of all cor-in systematic errors in the density of states.
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IIl. ALGORITHMIC DETAILS Of course, the density of states which comes into play in this
expression is not knowa priori. A straightforward imple-

To calculate() for a given system, two a_lgo_rithrgic_ N~ mentation of transition probabilities is possible by combining
gredients are necessary, as discussed by Olivetiral,: ™ (i) Eq. (2.4) with this acceptance criterid?:

a good way to measure macrostate degeneracies, termed an

“estimator,” and(ii) broad sampling of phase space such that ( T3l ))

all macrostates of interest are visited. The first condition is P {i—j)=min| 1——]. (3.5
met by measurement of macrostate transition probabilities To(1—J)

and use of Eq(2.4). One can estimate infinit€-transition

babilities b di Istatistics during th With Egs. (3.1 and(3.5), one can immediately construct a
probabilities by recording moveroposaisiatistics during tne complete MC procedure, an idea originally proposed by OI-
course of a simulation, even though the acceptance of th

. e L 20°22 Neira etall® and later generalized by Wang and
moves may not correspond with the infinifecondition: co-worker2®-22 The simulation is started witic(l,J)=0

!n other wo-rds, thér“(l._}‘]) values can pe Qetgrm|ned US* for all I and J. Moves are then proposed and accepted/
ing any arbitrary sampling scheme fBt.{i—J) since they rejected based on the acceptance criterion in(Bdp, and

depend only on the proposal probabilities containedr(n after each such step, th@ matrix is updated to reflect the

g(JI):J)TQ\(/%efrcifrigu;err:r;\(/()elvf?cs)ma?g;nc?'oit;?eti Sn?;r'xr:mryproposed move, regardless of whether or not it was accepted.
pOs;ed. The yestimate for the transition probability is P In this fashion, the approximatioris, (1 —J) grow more ac-
curate and the distribution of sampled macrostates becomes
increasingly more uniform. Here, it is important to note that
T.(1—=J)=C(l ,J)/ > C(1,K), (3.1)  even though the actual acceptance probability is not that in
K the infiniteT case, the estimates for..(I—J) are con-
. structed as ifP,.{i—]j)=1 due to the way th€ matrix is
where sum extends over all macrostates and tilde indicatqg,yated. The density of states is never directly referenced in
the estimate. Once the infinietransition probabilities are this scheme. Instead, one is concerned only with the infinite-
known, the de_ns_lty of states can k_)e calculated f_fom(‘?q)- T transition probabilities, and therefore need only maintain
In general, this is an ovgr-specmed problem since in a SySge c matrix. At the end of the simulation or at any interme-
tem of N macrostates wittN unknown values of) (more  iaie noint, an estimate for density of states can be deter-
accurately,N—1 unknownrelative values, there areN(N  \nine ysing Eq(2.4). This estimate improves as the number
—1)/2 such equations. In solving for the density of stateSy¢ gtans in the simulation increases, and furthermore, the
given the transition probabilities, the easiest approach Cortjuality of the estimate can be assessed by the number of

siders only neighboring states f&i—1 instances of EQ. gppies in eactC(l,). 2 In this paper, we term this approach
(2.4). However, one can consider &l(N—1)/2 equations the transition matrixTM) method.

by minimizing the variance among the predicted values of g hrocedure just described is essentially an iterative
InQ), as described by R_ef_. 22' Denotnﬁjl)z_ln () gnd scheme for the solution of a set of nonlinear equations de-
H(1)=ZC(I,K), one minimizes the total variance with ré- qojping the density of staté®-22In general, this is a prob-

spect to the valueS(1), where the variance is defined as | for which convergence is not immediately obvious nor

[S() = S(I)+INTo(l =) To(I—1)T? guaranteed. In particular, problems arise with the acceptance

UtzotZE , (3.2) criterion in Eq.(3.5) early on in the simulatiorlwhen numer-
1J o1 ous zeros exist in th€ matrix; an estimatel..(I—J) is
. ill-defined if either C(1,J)=0 or =xC(l,K)=0. Conse-
with quently, for runs which probe large ranges @f the time

5 . . . . required for all macrostates to be initially visited can become
o =C(1L )" "+H) T +CID"+HI) ™. (3.3  extraordinarily long. In contrast, the Wang—Landau approach
forces the complete set of macrostates to be visited very
Here, we use the number of entries in Denatrix to deter-  quickly at the beginning of the simulation, but lacks the ac-
mine the Welght of each estimate in the minimization prOCE'Curacy and continuous improvement in Ca]cu|ating the den-
dure, assuming that £ (1,J)]=<C(l,J). In the solution to  sjty of states that the TM method exhibits.
these equations, one value of the density of states must be Fortunately, one can combine the strengths of both algo-
fixed and the remaining can be solved by matrix inversion. rithms, an implementation that we denote as the WL—TM
The second condition for calculation of the density of method. In this approach, we use the original acceptance
states, broad phase space sampling, can be accomplished dterion in Eq.(3.4) and update the density of states every
using a uniform ensemble in which all macrostates are equimgve as in the WL method, using (1)—fxQ(l) for the
probable. In such an ensemble, the probability of a giverstate at the end of each MC step. In addition, we start with a
microstate is inversely proportional to the density of states oferpedC matrix, as in the TM method, and record all pro-
the corresponding macrostate. Accordingly, the acceptangsosed transitions during the entire schedule of modification
criterion for symmetric moves is factors (i.e., theC matrix is never rezeroed, and therefore
contains information from the complete duration of the simu-
1@) lation). Periodically, a completely new density of states is
NJ))”

34 generated from the infinite temperature transition probabili-

Pacc(iaj):min(

Downloaded 04 Nov 2003 to 128.112.34.248. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/jcpol/jcpcr.jsp



J. Chem. Phys., Vol. 119, No. 18, 8 November 2003 Direct calculation of the density of states 9409

ties via Egs.(2.4) and (3.)—we call this “refreshing” the B A LA B L |
density of states. In this way, the WL scheme quickly en- 10 * *  LJ(WL)
forces a broad distribution of macrostates, but the T™M re- * ¢ LMW
freshing accelerates the convergence of the density of statesg 1¢° 0 L‘! (WL-TM)
and hence speeds the modification factor schedule. In the 5 “a ® lsing TM)
latter portions of a simulation, the modification factor is so &
close to one that its effects db are negligible. However, the
refreshing continuously improves the calculation since the
statistics of theC matrix grow better with the number of
simulation steps. At this point, it is even feasible to switch to PY

the bare TM scheme described by the acceptance criterion in ® o ® o

Eq. (3.5. Therefore, the distinction between our approach 1073 -------'0 e -“---'1 - --'"-'2 —
and the TM method is that we use the WL sampling scheme 10 10 10 10
to guarantee convergence of the infirltetransition prob- Millions MC steps

abilities, whereas the latter method has no such guarantee . . !
FIG. 1. Error analysis of the dimensionless entrdpy,In (), as calculated

and might require a good initial estimate for its transition by the Wang—Landa@WL ), transition-matrixTM), and combinatiofwL—

probab|||t|e§0—22 TM) methods for the 110 particle Lennard-Jor{es) and 32<32 Ising
It is important to note that the modification factor sched-systems. Details of each method are described in the text.

ule in this hybrid scheme might be modified from the origi-

nal WL approach. For the Lennard-Jones system, we have

found that the 80% *flat” histogram requirement for Ch"’mgesbins among them; the statistical error is then measured as the
to f can be relaxed significantly to the mere requirement tha&verage of this s'tandard deviation over all the bifhis

za;:h r:lstt(r)]gram db]:n r:f':\vefontly one Entry. Fu:jtherm?re, UPs pproach fails to capture systematic errors; therefore, below
a Ies} 00 1e| TOTIhlca '01 actor can be mc:;]e t,ram"f[‘r:cit ZUC e also discuss agreement with results from traditional MC
as int<=u.11InT. These changes minimiz€ the time tha e'simulations) For comparison, we also performed the TM

taileql ba!ance Is r_10t obeyed, dl_Jring_ which entri_es to(the_ method for the 3% 32 Ising system, employing single-spin
matrix might be biased due to violation of the MICTocanont-gins and tabulating transition probabilities for all 1023 en-

::hal §v$r§tget|n Eq(.2.t1) ' Ast Inf ?.p proacf;)esblf_(ta-ro, updates to ergy levels. The estimate of statistical accuracy for the Ising
€ infinite_temperature transition probabiiiies grow moresystem is the fractional error,| S,/ Sexacl, averaged over

accurate. That is, the fasterﬂrapproaches anear-zero va]ue, each energy level and three independent runs; the exact re-
the more accurately the density of states estimate will b%ults are from the method of Ref. 26

calculated from the transition probabilities. One might con- The results of these tests are shown in Fig. 1. One can

tsr:de; pos'ttponfl ngt] ?ntrlest!ln ttht@?a:r;x a”dt the ref;e;hmg %f, f_ see that statistical errors in the WL method rapidly decrease
?. er;suty 0 sha;zsl ur;]' € 1rs dev; stages t;)iizli elt”_’o Mo a limiting value, beyond which additional MC steps do not
cation tactor schecule have passed, during w 15 improve the calculations, as also shown in Ref. 11. This is

also possible to refresh only once, at the end of the SImUIa1')rimarily due to the fact that changes in the modification

tIOI’],_ .Wh'Ch IS equwale_nt 10 the orl_g_mal WL _algorlthm with factor eventually become too fast relative to its effect on the
additional data collectiorithe transition matrix These op- density of states. For the TM method, errors are significant

:lqlns ||(”jnpt>arihsome fli?<|b|lltytto thef WtL_TmM e:EprEach, tc(; be early on in the simulation due to the time needed to generate
alored 1o the specilic system ot in gre{ rthe Lennard-  nitial transition probability estimates for each energy level.
Jones system, which converges relatively fast, we have foungnce this range has been covered, the density of states is

little difference among them in our tejts systematically refined with much greater precision than the
WL method. (Our experience with the TM approach indi-
cates that this initial lag time can grow significantly worse as
We have tested these algorithms on the 110-particlthe energy range broadens, eventually making the TM
Lennard-Jones system at reduced dengity0.88. We cut method infeasible for large entropy gradien&he WL-TM
the potential at 25 and apply the long-range tail algorithm successfully overcomes this drawback and has
correction? and we tabulate the transition probabilities for good convergence properties in both the initial and final
the energy range-700e to —500e, discretized into 100 stages of the simulation.
bins. We reject moves which would take the system out of  For the Lennard-Jones system, we have used a standard
this energy range and accordingly update the transition mareweighting procedufé to generate predictions for the po-
trix by C(I,1)«<C(l,1)+1 wherel is the initial state; this tential energy from the density of states output of the
has the same effect on the transition probabilities and subs&/L—-TM algorithm. In Fig. 2, we show these results along-
quent density of states calculation as if the range were natide data taken from standalV T MC simulations’® The
truncated. As in the usual implementation of these methodsesults from the WL—TM algorithm, which are taken only 10
we calculate the dimensionless entrofy; In (), rather than  million steps into the simulation, are in excellent agreement
the density of states itself. with the results of the traditional method. In Fig. 3, we also
We perform six independent runs for each simulationshow the statistical error in the calculated heat capacity at
and measure the standard deviation of corresponding entrogy=1.0, which is measured among results from six indepen-
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IV. TEST CASES
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T'I' (K NI AL E b e L M B AL
silica 100 R o 100 bins
2250 3000 3750 4500 5250 6000 o 3 9 % 200 bins
540 fmpm——r———]——T——T——1— -258 ] 3 o ™ 3
] B s i 3 % e 300bins 4
F —— WL-TM J 261 S 10-1 5 gg » -
s70L ¢ NVTMC ] a of ¥
m  NVE MD = = s & ]
— 4264 s 5 2L © é
3 -600 [ ] 3 ) E O 3
A Lennard-Jones - 267 2 : Q o ]
Vol N 1w d 2 10° P %o
V. 630 4270 ¥ g 3 a0 o !:
| BKS silica J > f = 110 particles . Q 3
w0 b + 273 <40k o 250particles a
[P S TR SR RN PN T BRI PR TITY
1.0 1.2 14 1.6 1.8 2.0 10“3 10‘2 10'1 100 10‘
T, (e/k) Millions MC steps / particle
FIG. 2. Comparison of traditional methodfilled symbolg with calcula- ~ FIG. 4. Effects of system size and energy discretization on the WL-TM
tions from density of states generated with the combinafi—TM) method. All errors are measured for the dimensionless ent®psnd are
method and reweighted to the appropriate state conditiores). normalized by the system size. The upper points, which have been scaled by

a factor of 100 for clarity, demonstrate the effects of increasing the energy
discretization for a fixed system size of 110 particles. The lower points
. correspond to system sizes of 110 and 250 particles at fixed density for a
dent runs. The heat capacity results of the WL—TM algo-constant degree of discretization 2e).
rithm appear to have similar convergence behavior as the
methods introduced by Yan and de Palé’indicating that

for simple systems, it does not offer appreciable improve- . .
; the small range of energy explored by single particle moves,
ment over these previous approaches. However, the curren

method achieves this level of performance without energy. ich have been tuned for 50% acceptance. We also inves-
X gXfigate the effects of energy discretization on the calculations

derivative information and while remaining readily extend-, " : . . .

; . . by increasing the number of energy bins while keeping the
able to any macrostate parameter, including arbitrarily de- : . .
. . system size constant at 110 particles. Figure 4 reveals that
fined onege.g., as in extended ensemble formulatjons

In Fig. 4 we demonstrate the effects of system size an{ine-grammg the energy range only weakly affects the statis-

X o . ical errors, despite the fact that the number of entries in the
energy discretization on the WL—TM algorithm. Results A 1 atrix (each for which an estimate must be generated

shown for the original system as well as for a 250 particle rows as the square of the number of bins. Presumably this

system_ at _the same density but W'Fh _roughly the same energglccurs due to the banded nature of the matrix and the subse-
discretization (- 2¢). Here, the statistical error in the dimen-

sionless entropy is normalized by the number of particlesquent error minimization procedure, which takes into ac-

and therefore effectively measures a fractional error. Figure gtoalig; all transition state pairs in determining the density of

shows that the convergence of the two system sizes is com- . .
We have also investigated our approach on a more chal-

parable; the.250 particle case does not npticeably suffer l‘rorpenging system, liquid silica as described by the Van Beest—

methodological performancg Iosses..Th|s emerges from thﬁramer—Van Siantel(lBKS) potential®® This system is one

2;223\%?612;?”22::0? t:;a:rflltl(;nfemv\;aterlr:(éreac:eienhebrgéIg\ljzl t'?or which potential energy derivatives are expensive due to
y y gy neig cfong-range interactions, which encourages methods employ-

ing only energy evaluations. The BKS potential treats silica
A s L L e e BR L ma as independent oxygen and silicon ions which interact pair-

10° X WL 3 wise through electrostatic and Buckingham-type repulsive/
R o ™ : dispersive forces. Long-range Coulombic interactions are
O ! a witm | 1 calculated with the Ewald method, using &lvectors with
E 10" 3 % % % magnitude less than or equal toX2#«/L and al =5.6.
e E O g i * Short-range interactions are truncated and shifted at 5.5 A.
o [ o X % ¥ : We perform the simulation for 100 oxygen and 50 silicon
& 10° 3 v @ ¥ X X % x 3 atoms at a density of 2200 kgfmand sample the energy
S E 8 o9 3 range —5.5 to —5.2 MJ/mol, discretized into 200 bins. At
2 [ * o ] this density, the dynamics of the silica system are known to
10° 3 B o & experience a dramatic slowdown as the temperature is de-
TPV EEEEUTIT BRI B creased, which traditionally requires long molecular dynam-
10" 10° 107 10" ics trajectories to equilibrat®. We run the proposed
Hours CPU time / particle WL-TM algorithm for the small silica system for>510?

MC steps. For comparison, we conduct multiple NVE mo-

FIG. 3. Errors for each method in the calculated isochoric heat capacit ; ; ; ; 3
plotted as a function of CPU time. For the TM method, results from they'eC'Jlar dynamlCiMD) simulations CorreSpondmg to 11 dif

early portion of the simulation, during which the relevant energy levels haveferen_t temperatures, USing_ V3|OCitY'Ver_|et integratipn with a
not yet been visited, are omitted. 1 fs timestep and propagating fo2.0° timesteps. Figure 2
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reveals good agreement between the results of the WL—TMM. P. Allen and D. J. Tildesleycomputer Simulation of Liquid&Claren-

algorithm for silica and those generated from the MD simu- don, Oxford, 1989

4 . .
lations. This is merely a first step in demonstrating the use- A~ P- Lyubartsev, A. A. Martsinovski, S. V. Shevkunov, and P. N.
y P 9 \orontsov-Vel'yaminov, J. Chem. Phy86, 1776(1992; E. Marinari and

fulness of WL-type methods for the glassy silica system, and ¢ "payisi Europhys. Lett9, 451 (1992; C. J. Geyer and E. A. Thomp-
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