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ABSTRACT

In this paper we propose a piecewise nonlinear
model for the first time to understand the impact
dynamics of micro-oscillator applications including
MEMS switches and tapping-mode Atomic-Force-
Microscopy (AFM). Specifically, we consider the case
when the deformation is large and the tapping
happens in the nonlinear frequency response region.
In-plane switches and cantilevers with out-of-plane
motion, made from single crystal silicon with simple
geometry are used for modeling and testing. Both
softening and hardening effects are considered. A
Laser-Scanning-Vibrometer system is used for
guantifying motion. Numerical analysis shows that the
nonlinearity not only shifts the bifurcation area, but
also changes the bandwidth of the tapping event. The
comparison between the experimental results and the
simulation results demonstrates the validity of the
piecewise nonlinear model we propose.

Keywords: Impact oscillator, Tapping, Nonlinearity

I ntroduction

To understand the dynamics of ‘tapping’, impact
oscillators have been analytically and experimentally
investigated thoroughly. More specifically, investigation
of the bifurcation properties of the tapping mode has been
explored [1-3]. In recent time, tapping-mode dynamic-
force-microscopy (DFM) has attracted interest [4], and
some studies take advantage of the bifurcation effect to
make tapping-mode resonator based on the fact that
tapping changes the resonance bandwidth [5].

Much of the previous work deals with the case when
tapping occurs in the linear response region. But in
applications, including MEMS switches and tapping
mode DFM, the devices may operate under large

amplitude and the nonlinearity appears before the onset of

tapping. Little has been done to address this. The
nonlinearity not only affects the dynamic behavior before
the tapping, it also affects the bifurcation after tapping
occurs. In [4], S.I. Lee and his colleagues investigated
effect of the nonlinearity caused by the tip-substrate
reaction. Here we focus on the general cubic
nonlinearities, including both the softening and hardgnin

effects, which come from electrostatics and geometrical

effects mostly. Based on the well-known piecewise-linear

impact oscillator model [1-3], we propose a piecewise

nonlinear model to understand the tapping dynamics
under the effect of cubic nonlinearity. Conformance of the

analytical results to the experimental results demonstrates
the feasibility of this model.

We begin with the description and the modeling of
the impact oscillators for our experiment. Taking into
account both the hardening effect of the clamped-clamped
beam and the softening effect from the electrostatic
actuation, a piecewise nonlinear oscillator model is
presented and analyzed. After characterizing the key
parameters, experimental results are compared to the
numerical simulation results of the proposed nonlinear
model. A Micro-Laser-Scanning-Vibrometer system
(Polytec MSV) is used for experimental verification.

Experimental Demonstration

Two types of structures are used in this study. The
first is shown in Figure 1. It is an in-plane switchttwa
bumper. The clamped-free cantilever hits the bumper first
and does not strike the actuation pad. In addition, electro-
statically actuated out-of plane cantilevers and beams are
also fabricated (Figure 2). The substrate acts both as an
actuation electrode and as a bumper. Using MSV, the
motion profile of the whole device can be captured by
scanning the laser across the area of interest.
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Figure 1: SEM picture of a in-plane switch with
bumper for motion limitation
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Figure 2: Out-of-plane micro beams with clamped-
clamped and clamped-free boundary conditions.

Figure 3 shows typical displacement frequency
responses for a clamped-free tapping cantilever (Length
200um, width 20um, thickness 2.5um) under different
actuation voltages with softening effect coming from the
electrostatic actuation. The actuation gap of the cantilever
is 2.5um. We note that the parametric excitation [6] is
ignored here because the required minimum actuation
voltage for second order parametric excitation [7] is larger
than the voltages applied here. The resonant frequency
was measured to be ~91.95 kHz. Here a sinusoidal
waveform is applied at around half the resonant frequency.
The smallest voltage needed to induce tapping is 0.49V.
The frequency responses show characteristics which
differ from that of both the pure Duffing effect as well as
“linear” tapping. In Figure 3, for 0.65V actuation, when
sweeping up, the left boundary of the discontinuity is
similar to the Duffing effect, while the right boundary
appears to be dominated by mechanical tapping. When
sweeping down, the discontinuity is caused by the tapping
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Figure 3. Frequency responses of a clamped-free
cantilever. Doubleside discontinuous bifurcations ¢
caused by the impact and the softening cubic nonlinearity.

Modeling and General Discussion

Piecewise linear models have been demonstrated to
give a reasonable description of the dynamics of the
impact oscillator in the linear frequency response region
[1-3]. Following that, we propose a piecewise nonlinear
model to understand the tapping dynamics for the
nonlinear frequency response. To simplify the problem, a
single DOF spring-mass model is presented in Figure 4.
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Figure 4. Schematic of the piecewise nonlinear impact
oscillator model

The corresponding motion equation is:

x+cx+k(x)+ax® = f(t) (1)
with

c=c, k(x)=kx x<d

c=c +C,, k(X)=kx+k,(x-d) x>d

The spring constark, is much smaller thark,, which
comes from the impact constraint. The damping
parameterC, is also much smaller than the tapping
dampingC,. In general, k1 C,) can be extracted from
the device’s linear frequency responsl@2 (C,) can come
from the curve fitting or empirical values. The nonlinear
parameterd and the actuatiorf are extracted from the
nonlinear response. We will detail this later.

a -0.5,0,05
k1l 1.0

k2 20

cl 0.1

c2 1.0

d 0.7

f 0.1* cos(t)

Table 1: Parameters for XPPAUT simulation

In general, presence of a cubic nonlinearity tilts the
frequency response curve (the well-known Duffing effect).
Secondly, the nonlinearity alters the restored potential
energy of the spring, which correspondingly changes the
frequency of the “jump” where the tapping is released.
Thus it changes the bandwidth of the tapping event. More
specifically the frequency range for the softening system
is shortened, while the hardening one is lengthened, when



compared to the “linear” tapping. To demonstrate this, a
simulation using XPPAUT [8] is carried out using the
parameters listed in Table 1. Three sets of parameters
(with different @ ) correspond to tapping with a softening
effect, tapping with no cubic nonlinearity and tapping
with a hardening effect respectively. The results are
shown in Figure 5.
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Figure 5: XPPAUT simulated frequency response with
softening (left), zero (middle) and hardening (ric
cubic nonlinearity. Solid circle denotes stable solut
hollow circle denotes unstable solution

Experimental Characterization

Experimentally we have performed a detailed
investigation into the tapping dynamics of a clamped-
clamped micro-beam. The beam is 200um long, 20um
wide and 2.5um thick, with a 2.5 actuation gap (Figure 2).
First, characterization of the beam is carried out and the
key model parameters are extracted. The linear and
nonlinear frequency responses are shown in Figure 6.
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Figure6: Frequency responses for a 200um long,
2.5um thick clamped-clamped cantilever.

As mentioned abovek1 (or the resonant frequency
@, k =af ) and ¢ (or the quality factorQ ,

C = a)O/Q) can be extracted from the linear frequency
response.

The nonlinear paramet&r and the actuation force
f can be approximated from the nonlinear frequency
response. For a hormalized Duffing equation:
X+ £CXx+ X+ eax® = eF cos(at) )
using perturbation method , for the first order

approximation of the frequency response, the peak of the
frequency response curve #fcorresponds to [9]:

R =(eF)/(ec) + =1+ (ea)R]

Where(a{, Rl) are the frequency and the amplitude of

the response at the peak (Figure 6). From (3), the
nonlinearity and the actuation force can be approximated.
Similarly for equation with the form:

®3)

x+%>‘<+w§x+ax3 = Fcos(at) (4)
we have:
8 1
a= 3Riz (wlwo_wg) , F :6 16‘)3 ®)

Where @, is the resonant frequency. Equations (5) give

the first order approximations ofa(, F ), which can be

used as initial values in the further minimum square error
curve-fit approximations.

The parameterékz,cz) are much more difficult to

qguantify. They depend on the tapping mechanism as well
as the surface properties of the tapping objects. Some
empirical values and formula are available for the

approximation in [4-5]. Here we approximaékz,cz)
by curve fitting of one set of experimental tapping data,
shown in Figure 8 (actuation voltage 4.5V). The fitted
(kz,cz) will be used for numerical analysis of other sets
of tapping data under different actuation voltages. We
note that( kz,Cz) are the only fitted parameters here.

All of the data utilized is summarized in Table 2. The
extracted parametedl corresponds to the 2.5um real
separation gap. The actuation foreis proportional to
the square of the actuation voltage (we actuate the device
at near half the resonant frequency) and the proportional
coefficient comes from approximation (5).
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Table 2: Key parameters for the 200um micro beam
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Figure 8: Experimental results: displacement frequency
response for the clamped-clamped cantilever under
different actuation voltages. The flat part corresponds to
the 2.5um real gap.
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Figure9: MATLAB simulated frequency responses of
the piecewise nonlinear impact model

Results and Conclusions

Figure 8 shows the complete experimental frequency
responses of the clamped-clamped micro beam
characterized above. Using the characterized parameters

listed in Table 2, the piecewise nonlinear equations (1)-
(3) are numerically simulated under different actuation
voltages. Both XPPAUT and MATLAB ODE are used for
the simulation and the results are compared. Here the
MATLAB result is shown in Figure 9, (Note only the
stable solution is calculated) and it compares well with
the experimental data. The conformance of the simulated
result (Figure 9) to the experimental result (Figure 8)
demonstrates the validity of the proposed piecewise
nonlinear impact oscillator model for the understanding of
the tapping dynamics when the tapping happens in the
nonlinear frequency response region.

In this work we propose a piecewise nonlinear impact
oscillation model for understanding nonlinear tapping
dynamics The work was motivated by large deformation
MEMS switches. The effects of nonlinearities are
analytically explored and experimentally verified. The
similarity of the numerical analysis to the experimental
result demonstrates the feasibility of the proposed model.
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