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ABSTRACT Comparing to the advanced development of the ther
elastic damping analysis for the flexural vibration mode,
The thermoelastic damping (TED), one of the main energy thermoelastic damping analysis for the longitudinal vibrati
lost sources in MEMS and NMEMS, is analyzed for the mode is paid relatively little attention. Landau and Lifsh
longitudinal vibration mode. Two approximations based on the described the absorption of sound in solids for both transv
insulated thermal boundary condition (B.C.) and the modified and longitudinal waves [10], with the assumption that sot
fixed temperature B.C. are developed and compared. Until now, oscillations are adiabatic as the first approximation. A
the highest reported experimental Q factors for the longitudinal Nowick’s [6] general description of thermo-elastic damping -
vibrating MEMS device are still more than one order less than a generalized second-order mechanical system is elaborat
the predicted TED Q factors. Therefore, a numerical simulation detail for the flexural mode, but no detailed discussion for
approach is proposed and used for validation. The aim of this longitudinal mode.
paper is to provide a prediction of TED for the fast developing

bulk mode micro and sub-micro oscillators operating in a The aim of this paper is to present a detailed descriptio
longitudinal vibrating mode. TED and to give a TED prediction in the longitudinal vibratil

mode. Two approximations based on the insulated ther
1. INTRODUCTION boundary condition (B.C.) and the modified fixed temperat

thermal B.C. are developed and compared, following

In Micro and Nano Electro-Mechanical Systems (MEMS general way Zener defined the Q factor for the general se
& NEMS), flexural-mode resonators, such as cantilevers and order mechanical system. Process of the numerical simule
membrane resonators, are widely designed and implemented iriS presented in detail and the result is used to validate
low and mid frequency range app"cations, and the theoretical anaIyS|s. First we start from a review of Zene
corresponding high Q factors have been achieved [1-4]. Forgeneral process of TED.
high frequency applications, bulk-mode resonators are
becoming more common. One main advantage is the relatively2. REVIEW: ZENER’S GENERAL PROCESS OF TED
large size when compared to flexural-mode resonators at the
same frequency. It is consistantly observed that the Q factor Zener [5] gave a general process to define the damping
usually increases with the increasing of the dimensions [4]. a general second order continuous system with the gover

partial differential equation:
Thermoelastic damping theory, especially for the flexural-

mode vibration, has been systematically developed from aza(r t) R
1930’s. Zener [5], investigated the thermoelastic internal —2’+ LU(r‘,t): f
friction on the basis of the one-dimensional theory of elasticity. ot (1)

And a well-known approximation is given for the vibrating
reeds. A.S. Nowick [6] presented a general description of TED
for a second-order mechanical system. V.Kinra, K Milligan [7]
and Ron Lifshitz [8] reported different approaches seeking the term is the inertial force on unit mass. The second telofh
exact solution of thermo-elastic damping for the flexural mode represents the force due to the elasticity of the sdlids an
vibration. For microscale devices, Amy Duwel [9] reported that

the experimental results on MEMS gyros showed a good operator acting on positiofi . f denotes the body force pe
agreement with Zener’s approximation. unit mass, including the force that arises from the tempera

Where l](f,t) denotes the displacement vector field. The fi
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fluctuation. To examine the harmonic solution of (f)and Csp as the specific heat with constant pressufeis the

f can be written as: thermal conductivity of the material.
a(r,t) = U(—I;)eiwt Now we consider the one dimensional longitudir
! ) vibration mode (Figure 1). The bar-shaped oscillator vibre
F(f,t) = F(?)eim along x-axis symmetrically with x=0. The oscillator has a tc
lengtha.
|
Where @ is the angular frequency. Substitute (2) into |
(1), we get: e >
[
(L_w.Z)U = F (3) x=-a/2 x=0 x=al2

. ) Figure 1 : longitudinal vibrating bar wi
In general,U and F are not in phase with each other. It length a: symmetric along x=0

is this phase difference that gives rise to the damping. We can
always choose the origin of the time so thhtis real. Then in

generaLF is a complex force with the form: Only x-direction movement with displacemeu(x,t) is
considered in (6). For the one dimensional model, the cou
F=F+ i|:2 (4) governing equations have the form:
pu= Cu, — CaT,
And further letU, be the solution of (3) wherl, is T=DT. - Al (7
neglected, which means no damping. Usually the damping T X
force F, has only a small effect on the solution of (3)
. . . o ith D=«/C,,L=T,aC/C
comparing to the elastic fortdJ , it is a proper approximation W /CV B=T / v
that U, is used to calculate the energy stored in the solid and The mechanical boundary conditions are:
the dissipated energy per cycle. The damping is then defined as: u-al=0 at Xx= +a/?2 @)
Q' = U‘ U, OF, d*/‘j U, D_Uod% (5)  Theinsulated thermal boundary conditions are
T,=0 at Xx=xal/2 9)

The numerator stands for energy loss per cycle and the
denominator stands for the stored energy in the solid. In the The symmetric movement condition can be expressed as:
later sections, we will follow Zener’s process to define the
thermoelastic damping and to develop an approximation for the u=0,T,=0 at x=0 (10)
longitudinal vibration mode.

With the equations (7) and the boundary conditions (8-

3. LINEAR THERMO-ELASTICALLY COUPLED 10), we develop an approximation for the thermoelastic
MODEL FOR THE LONGITUDINAL VIBRATION MODE. damping based on Zener's approach mentioned before.

For the linear thermal-elastically coupled model, the 4. APPROXIMATIONS WITH TWO DIFFERENT
governing equations are [6, 11]: THERMAL BOUNDARY CONDITIONS

0% The difficulty of using expression (5) is to find th
—=D[C(DU—C?T) damping force F,, which is caused by the thermoelast

2
ot (6) coupling in TED. The thermal boundary conditions will play
oT _ _T R very important role in finding the temperature distributis
C E =DLOT-Ta CHa form, which determines the form df, . First we start from the

insulated thermal boundary conditions. An approximation
presented and discussed. A second approximation is

Where u(r,t) is the displacement vector] is the derived basing on the modified thermal boundary conditions

temperature deviation from the reference temperatyre
a is the linear thermal expansion coefficient vectgs, 4.1 Approximation for the insulated thermal B.C.

is the density,Cis the stiffness tensoC, = pC,, with
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_ - ] ) conditions. But note that expression (11) an (12) do not sa

It is not difficult to find the function olJ ;, the undamped  the mechanical boundary conditions (8). The error of t
displacement function, which is a simple trigonometric sine Violation of the mechanical boundary conditions will be sho
function. To satisfy the insulated thermal boundary conditions later. Next we will seek another approximation by modifyi

(9), the temperature functiol may have the form of a the boundary conditions.
trigonometric series. With this discussion and the assumption
that only the harmonic solution is considered, we have the 4-2Approximation for thefixed temperaturethermal B.C.
following expressions ol and T : Unlike the flexural vibrating mode in which the maximu
. . ot amplitude of the strain and the maximum temperat
= Y & = Asin (77X/ a)e (11)  amplitude appear on the upper and lower boundaries. In
longitudinal vibrating mode, the maximum amplitude of t
o strain appears at x=0. On the two ends, the strain amplituc
- z b cos (2 kerx/ a) g (12) negligible, and so is the resultant temperature. In this case,
proper to make the assumption that the temperature on
boundary is equal to the temperature of the surroundings, w
s zero.

k=0

A is the corresponding vibration amplitude. With expression I
(11) and (12), we can calculate the damping fokceand the T=0 at  x=xa/2 (7)

Q factor due to the thermoelastic damping using expression (5). _ _ .
By substituting (12) into the second equation of (7), we get the Similar to (11) and (12), only the harmonic solution

expression of the temperatui® in terms of the function of ~ considered. We can write the expressiontbfand T as:
U,. Here is the result:

= Y & = Asin(mx a) e (18)
i io\u, —iw
bk:ckinr =c, (zﬂk 2) (13) )
w” + i
H H T=>" Qcos((2k+1)nx a) € (19)
with k=0
_ [ 2k 2 c _( 1)k+1 45A 4 With assumption (17), the observation is that (18) and (
-_— —_— y —_ 2 H E
Hy a k 1- 4k (14) satisfy both the mechanical and thermal boundary condition
Substitute (14) into the first equation of (7) and do the Actually with expressions (18) and (19) we will see tt
integration, we get: the process to find the approximation is much easier, bec
' ' only the first term of (19) is nonzero, which means t
temperature function is a simple trigonometric cosine functi
Iw(M( —|@ To get this we substitute (18) and (19) into the second equ
ot = ( )C+Ca;[{ J 5 of (7) and carry out the integration.
k=0 77(1 4k ) w2 +M<
i
2 2 . h=-p" %  p=ok=1 (20)
T 8k fev/ k
( ) C+Ca/{ ) > 2 H ~ (15) aiw+ u,
a k=0 7'1(1 4 ) @ + Uy

with 44, = D(r/a)’
Here the first term isUU0 D_Uod\:‘, and the absolute value

Substitute (18)-(20) into the first equation of (7) and do -
of the second term i%;jU0 Ede%. Then the thermoelastic  integration, we get:

damping could be written out using (5). In general the angular

2 .
frequencyo is a complex value withto = @, +1a,. From ,sz = (7_-[) C|1+ap lw
(5) and (15), we get the approximation of TED as: a i+ Ho

2
2 T al,
§ @, 2 8k @, = 1+Uﬁ—
QréD=2;:a;BZ[ J wzf/ljlz (16) [aJ ( Uy + @’ ]
r k= r k

51— 4<)
S ) Similar to (16), the approximation of the TED is:
The above approximation is based on expression (12),

which automatically satisfies the insulated thermal boundary

(21)
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wrﬂo

2 2
W, + Ho

> = 20, |w, =af (22)

4.3 Discussion

Both the approximations (16) and (22) have similar form

to Zener’s approximation for the flexural mode:

wr/’[k

_ > 96 1
0w =aB) | — (23)
ﬁé{n‘* s zk)4]us o

2k+1)2

with aas the flexural width, ané :%ﬂ a

Usually the first term of (23) is used for the approximation,

which is almost the same as expression (22).

Now we compare the two approximations (16) and (22) .

Single crystal silicon is used with the following material
properties [9]:

Density 0 2.33e3 Specific  heat 713
kg.m3 Cy, J.kg.K?

Thermal 156 Thermal 2.59¢e-6

Conductivity X | W/m.K | Expansion? | K™

StiffnessC 1.69e11 Reference 290 K
N.m™32 temperature T(

Table 1: Mechanical and thermal properties of Silicon

We pick some typical length scales in MEMS and NEMS and

calculate theQ;¢p, factor for both (16) and (22).

Lengtha
(umg)] Appro%;ti:)r: r(]16) Approi?rTrfgti(];rr?r(;Z)
0.5 1.8711e+004 7.3290e+004
5 6.2527e+004 7.2944e+005
50 2.0746e+005 7.2940e+006
500 6.6825e+005 7.2940e+007
1000 9.4753e+005 1.4588e+008

Table 2: Comparison of (16) and (22) for different length

From Table 2, we see that for the typical length scale
MEMS and NEMS, the thermoelastic damping approximat
(16) differs from the result in (22) greatly, which means 1
mentioned violation of the mechanical boundary condit
causes a very big error in the approximation (16).

Next we need to investigate the error of the approximal
of (22) caused by modifying the thermal boundary conditic
from (9) to (17). This is achieved by numerical simulation.

5. NUMERICAL SIMULATION

The numerical simulation is important for two reasol
First it can be used to check the validity of the analytical res
Second, for complex geometry and multiple materials, ther
no simple approximation available to estimate the TED,
which case, numerical simulation is necessary. B.Antkow
and A.E. Duwel [11] pioneered the thermoelastic simulatior
MEMS. Here we elaborate the simulation process in a succ
way based on matrix manipulation.

Let V =0U/0t . We can rewrite the equations (6) as:

dU=00CU +al)-aU - 4 U (24)
with
a 1 0 O 00O
u =|v d,={0 p 0| G=|Cc 00
T 0 0 C, 0 0 «
00 O 0-10 0O 0 O
a,=|0 0 -ca|a=/0 0 O =0 0 O
00 O 0 00O 0 T,@a'C 0

The platform of the numerical simulation is FEMLAI
software, in which the coefficient form PDE is chosen. T
calculation of the eigen values is carried out to get the anc

frequency (W = 0, +iwi ), where the real part stands fc

the mechanical resonant frequency. The thermoelastic darr
is then defined as:

Qreo = |2, /|

We simulate the TED not only for the insulted thern
boundary conditions, but also for the modified fixe
temperature thermal boundary conditions as a compari
Using the same material parameters in table (1) and the le
scale parameters in table (2), the simulation is carried out u
1-dimensional model. The results are listed in table (3).

(25
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Length a Qep With Qep With fixed

(um) insulated thermal | temperature therma
B.C. B.C.

0.5 1.0004e+005 7.3312e+004

5 7.8963e+005 7.2966e+005

50 7.4744e+006 7.2971e+006

500 7.3515e+007 7.2962e+007

1000 1.4670e+008 1.4592e+008

Table 3: TED FEMLAB simulation results with the different
length scales for the insulted thermal B.C. and the fixed
temperature thermal B.C.

From Table 3, we can tell that for typical length scale in
MEMS (>1um), the error between the TED results from the two
different thermal boundary is small (<10%). And the error
decreases with the increasing of the length scale. These result
support the modification of the thermal boundary condition in
(17). Comparing Table 2 with Table 3 also validates the TED
assumption (22). However, in sub-micron region, the error
could be big. For example error is about 30%at0.5 um.

6. CONCLUSION AND DISCUSSION

We elaborate the process to derive an approximation of the
thermoelastic damping for the longitudinal vibration mode.
Starting from the insulated thermal boundary conditions, we get
the first approximation with big error due to the violation of the
mechanical boundary conditions. By modifying the thermal
boundary conditions, we derive a simple approximation of the
TED. Numerical simulation process is set up for validation,
which shows the validity of the modification of the thermal
boundary conditions and the corresponding TED approximation
for the typical length scale in MEMS.

Despite the fast development in the bulk mode resonators,
such as FBAR [12] and disk resonators [13], the Q factors
from the experiment for the bulk mode resonators [14] till now
are still more than one order less than the predicted
thermoelastic Q factors. Other damping sources, for example
the support damping, may play important roles in the overall
damping. This is currently under further investigation.
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