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ABSTRACT

This research quantitatively investigates fluid damping of
MEMS and NEMS flexural resonators such as scanning probe
and carbon nano-tube resonators, aiming to improve the qual-
ity factor prediction and therefore the resonator design. Fluid
damping in beam-type resonators is most affected by reso-
nant frequency, device dimensions and cross-sectional shape
which are systematically examined within. An experimen-
tally motivated linear fluid damping model is rendered with
numerical methods and a general fluid damping law is achieved
with limited error. By generalizing to include rectangular,
circular and trapezoidal cross-sections, this analysis encom-
passes a cadre of micro- and nano- scale beam resonators
including cantilevers, carbon nanotubes and scanning probe,
respectively.
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1 INTRODUCTION

Quality factor (Q) is one of the key parameters for Mi-
cro(or Nano)-Electro-Mechanical (MEM or NEM) resonators,
affecting the resonant amplitude, bandwidth, sensitivity and
etc [1]. Most micro- and nano- scale resonators require a vac-
uum operating condition to achieve a high Q factor. There
are also many applications requiring “in-fluid” sensing and
actuation, in which case the resonators operate in high damp-
ing conditions such as air and liquid [2]. For example,in [3],
the authors demonstrate a parametric resonance based mass
sensor which shows good sensitivity when operated in air.
Also many scanning probe microscope (SPM) measurements
take place in air or liquid conditions. This work offers design
tools for beam type resonators which necessitate operation in
environments where fluid damping caused by the drag force
is the dominant damping source.

In this work it is assumed that the flexural resonators
oscillate in an infinite fluid with small amplitude, whereby
the flow can be simplified as a two-dimensional problem in
the cross-sectional plane of the resonator. Other damping
mechanisms such as so-called “squeeze-film” damping are
not considered. By this assumption there are three factors
which significantly affect the fluid damping, namely resonant
frequency, device dimensions and and the cross-sectional shape.

Table 1: Nomenclature

µ Viscosity of the fluid
ρ Density of the fluid
u Velocity of the resonator
F Fluid drag force per unit length
ω Resonant frequency
δ Penetration depth defined in ??

Cdamping Damping coefficient= F
u

λ Defined in (2)
γ Euler’s constant (≈ 0.577)

Re Reynolds number defined as ρud2
µ

(a, b) Dimensionless coefficients in (1)
d1, d2 Show in figure 4, d1 ‖ u, d2 ⊥ u

High resonant frequency is a key advantage of MEMS
and NEMS resonators for certain applications [4]. But for the
high frequency “in-fluid” oscillation, the fluid damping char-
acteristics behave dramatically different compared to the low
frequency or the steady flow cases. This results in frequency-
dependent fluid damping. On the other hand, the cross-sectional
dimensions, especially the dimensions perpendicular to the
flow (in this example, it is the width of the cantilever), play
an important role in the fluid damping. Cross-sectional shape
of the device is also an influential factor, as we will show, at
least for the steady flow [5]. Resonators with three kinds
of cross-section shapes are considered: cantilever with rect-
angular cross-section, carbon nanotube with circular cross-
section, and scanning probe with trapezoid cross-section.

In [6], by studying the pressure dependant damping of
MEMS cantilevers for different resonant modes, a new linear
fluid damping model was empirically proposed:

Cdamping = (a + bλ)πµ (1)

where Cdamping is the damping coefficient, (a, b) is the cross-
section shape dependent constant pair and λ is a dimension-
less parameter defined as the ratio of the width of cantilever
to the so-called penetration depth (δ) of the viscous fluid.

λ =
Width

δ
, δ =

√
2µ

ρω
(2)

Model (1) is based on the experimental observations for
MEMS cantilevers with rectangular cross-section shape. A



parameter pair (a, b) was determined for cantilevers with fixed
thickness [6]. In this paper, we generalize (1) to flexural res-
onators with different cross-sections to find a more universal
law to describe the fluid damping. To achieve this, the fol-
lowing questions need consideration.

• Is model (1) applicable to other types of flexural res-
onators?

• For different types of cross-section, how to determine
the parameters a and b?

• How much is the overall error using (1)?

As stated above, model (1) is based on experimental ob-
servations, but in this paper, we emphasize numerical analy-
sis. Numerical simulation opens another door to understand
the fluid damping physics, not only can it be used to validate
model (1), it also help to generalize the model.

The paper is organized in the following way: First we in-
troduce the numerical procedure and compare the results to
experiments. Then we determine parameters a and b individ-
ually and investigate their dependence on differently shaped
cross-sections. By doing so, we generalize the damping model,
and the overall error will be discussed.

2 NUMERICAL SIMULATION

Compared to the experiment, numerical simulation pro-
vides a relatively “cheap” way to explore the influence of
various and irregular cross-section shapes on fluid damping.

2.1 Procedure
The finite element analysis software COMSOL was used

for the numerical modeling. The software provided the abil-
ity to deal with moving boundary problem using the Arbitrary-
Lagrangian-Eulerian (ALE) algorithm. Basically the proce-
dure to find the fluid drag force contains three steps:

• solve the moving boundary problem

• solve the incompressible Navier-Stokes flow

• postprocessing

The details of the first two steps can be referred in COM-
SOL’s manual [7]. Figure 1 shows the pressure and veloc-
ity distribution of the fluid (air) when a cantilever (only the
rectangular cross-section is shown) is oscillating horizontally
with a sinusoidal velocity. In the postprocessing step, by in-
tegrating the stress and pressure around the boundary of the
cross-section, the corresponding drag force is also found to
be sinusoidal for steady oscillation. Typical simulation re-
sults are shown in figure 2. In the figure, both the drag force
(per unit length) and the corresponding velocity are plotted.
Clearly there is a phase lag (θ) of the drag force compared
to the velocity. Generally this phase lag is oscillatory fre-
quency dependent. For small dimensionless frequency λ, the

Figure 1: COMSOL simulation of cantilever oscillation
(10kHz) in air: pressure and velocity of the fluid
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Figure 2: Fluid drag force and the corresponding velocity:
phase lag
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Figure 3: Cdamping: Simulation results and experimental
data



drag force is almost in-phase with the velocity (θ ≈ 0). But
for greater λ, they can be close to 90 degrees out-of-phase
(θ ≈ π

2 ). In general, the drag force (F ) has two components:
one is in-phase with the velocity (denoted as F‖ ) and the
other is 90 degrees out-of-phase (denoted as F⊥), or

F‖ = F ∗ cos θ (3)
F⊥ = F ∗ sin θ (4)

F‖ contributes to the fluid damping, while F⊥ contributes to
the additional “mass” to the cantilever, which will result in
an resonant frequency left shift for the resonator.

2.2 Comparison with experiments
The testing method and setup are introduced in [6]. MEMS

cantilevers made from single crystal silicon with dimensional
variations (widths and thicknesses) are tested at different res-
onant modes to extract the damping coefficients. The fre-
quency shift attribute of the damping force was below the fre-
quency resolution of the experiment and thus wasn’t recorded.
Both the experimental results and the numerical simulation
results are shown and compared in figure 3 with respect to
parameter λ in (2). The good agreement not only validates
the numerical analysis, but also it provides a way to extract
the parameter pair (a, b) by the curve fitting. For the can-
tilever, from figure (3), we have a ≈ 1.45 and b ≈ 2.06,
or

Cdamping ≈ (1.45 + 2.06λ)πµ (5)

3 MODEL GENERALIZATION

3.1 Parameter a and its sensitivity to
different cross-sections

The parameter a has a dominant damping influence in (1)
for systems with low dimensionless frequency, λ ∼ 0. For
the rectangular cross-section resonators such as cantilever,
there is no simple analytical expression. However for ellip-
tic cylinder shown in figure 4, Oseen derived an expression
of the drag force [8], of which the corresponding a has the
following form:

a =
4

d1
d1+d2

− γ − log
(

Re
16

d1+d2
d2

) (6)

where γ is the Euler constant and Re is the Reynolds number.
Two assumptions are made for (6). First is that the minor axis
(d1) is parallel to the velocity direction, the other is that the
Reynolds number (Re) is smaller than 1 which is usually sat-
isfied in micro and nano fluidics. For circular cross-section,

a =
4

0.5− γ − log
(

Re
8

) (7)

and for cross-section with high aspect ratio (d2 À d1),

a =
4

−γ − log
(

Re
16

) (8)
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Figure 4: Elliptic and rectangular cross-sections
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Figure 5: Static damping: Oseen’s approximation, numerical
simulations

For a rectangular cross-section with high aspect ratio (shown
in figure 4), (6) can be used as an approximation. The sim-
ulation method introduced before is used to check the error.
We compare the difference of parameter a between rectangu-
lar and elliptic cross-sections with respect to the aspect ratio
d2/d1. The results are plotted in figure 5, from which it can
be seen that approximation (6) can be safely used to model
the rectangular cross-section case with less than 10% relative
error, even when d2/d1 ≈ 1.

All the expressions for parameter a (6-8) are for steady
flow. For oscillatory cases, because Reynolds number Re is
no longer uniform for the whole device, one must interpo-
late an average value of a according to the Reynolds number
range. Figure 6 shows the plot for expression (8).
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Figure 6: Reynolds number dependent parameter a
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Figure 7: Cdamping for three types of cross-sections

3.2 Parameter b and its sensitivity to different
cross-sections

Determination of parameter b is subjected to numerical
analysis and comparison to experimental results. From ex-
perimental results displayed in figure 3, parameter b is ex-
tracted:

b ≈ 2 (9)

(9) is only for the rectangular cross-section with specific thick-
ness (5µm thickness for tested cantilevers). Therefore, to
generate (9), there exist two concerns. The first is its sen-
sitivity to differently shaped cross-sections. Due to the fact
that damping model (1) ignores the effect of device dimen-
sion parallel to the flow, the second concern is the sensitivity
of parameter b to this dimension. In our example, this dimen-
sion is the thickness (d1) for the cantilever.

The damping coefficients for the following three different
cross-section shapes are compared: rectangular (5µm thick-
ness, 100µm width) , trapezoid and circular cross-sections.
The results are shown in figure 7, from which it can be shown
that the relative differences among are less than 5%. This in-
dicates that parameter b is insensitive to device cross-sectional
shape. For cross-section with non-streamlined boundary (such
as the rectangular cross-section), the thickness effect can not
be ignored when the thickness (d1) is comparable with the
width (d2). Numerically we compare the damping coeffi-
cients for different resonant frequency and width combina-
tions with varying thickness. The results are shown in figure
8, from which it shows that for high width-to-thickness ratio
(d2/d1 > 5), the effect of the thickness is insignificant.

By combining the discussion above about parameters a
and b, the linear damping model (1) can be generalized. For
the beam-type resonator, the fluid damping can be written as:

Cdamping = (a + 2λ)πµ (10)

with < 10% overall error, where parameter a is shown in
(6-8). For resonators with non-streamlined cross-sections
(examples: rectangular and trapezoid cross-sections), using
(10) requires a high aspect-ratio (d2/d1 > 5) for the cross-
section. Furthermore, for high frequency application (λ À
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Figure 8: Effect of the thickness to the fluid damping

1), (10) is simply:

Cdamping = 2λπµ (11)

4 CONCLUSIONS

This research is aimed to improve Q factor prediction
and therefore to improve the design of the flexural oscillation
based micro and nano sensors and actuators, which operate
in high damping medium such as air and liquid. We quanti-
tatively validate and generalize the frequency and geometry-
dependent fluid damping model for MEMS and NEMS flex-
ural resonators with differently shaped cross-sections. By
determining the parameter pair (a, b) in (1) and investigating
their sensitivities to both the cross-section shape and dimen-
sion parallel to the flow, a widely applicable damping law is
given in (10) and (11) with limited overall error (< 10%).
Although only three types of cross-section are considered in
this paper, the sample represents a large constituent of tech-
nically relevant flexural oscillators.
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